1. Introduction. Let N ≥ 1 be an integer and let X 0 (N ) be the modular curve over Q which corresponds to the modular group Γ 0 (N ). As a defining equation of X 0 (N ) we have the so-called modular equation of level N . It has many good properties, e.g. it reflects the defining property of X 0 (N ), it is the coarse moduli space of the isomorphism classes of the generalized elliptic curves with a cyclic subgroup of order N . But its degree and coefficients are too large to be applied to practical calculations on X 0 (N ). While it is an important problem to determine the algebraic points on X 0 (N ), we need a more manageable defining equation, which will also help to solve other related problems. In the case of a hyperelliptic modular curve, a kind of normal form of a defining equation is given by N. Murabayashi ([9]) and M. Shimura ([13]).
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1. Introduction. Let N ≥ 1 be an integer and let X 0 (N ) be the modular curve over Q which corresponds to the modular group Γ 0 (N ). As a defining equation of X 0 (N ) we have the so-called modular equation of level N . It has many good properties, e.g. it reflects the defining property of X 0 (N ), it is the coarse moduli space of the isomorphism classes of the generalized elliptic curves with a cyclic subgroup of order N . But its degree and coefficients are too large to be applied to practical calculations on X 0 (N ). While it is an important problem to determine the algebraic points on X 0 (N ), we need a more manageable defining equation, which will also help to solve other related problems. In the case of a hyperelliptic modular curve, a kind of normal form of a defining equation is given by N. Murabayashi ( [9] ) and M. Shimura ( [13] ).
In this paper, we give a relation between the modular equation of level N and the normal form in the case of a hyperelliptic modular curve X 0 (N ) except for N = 40, 48. First recall that the modular equation of level N is written in the following form:
where j is the modular invariant, j N (z) = j(N z), and z is the natural coordinate on H. Since X 0 (N ) is hyperelliptic, it can be written in the following normal form:
where x is a covering map of degree two from X 0 (N ) to P 1 and g is the genus of X 0 (N ). In this case, we obtain the following relation:
A(x), B(x), C(x)( = 0) ∈ Q(x).
When the genus of X 0 (N ) is 0, R. Fricke gave the expression for j (see [3] ), and N. D. Elkies did the same when the curve X 0 (N ) is elliptic or hyperelliptic where N is a prime number other than 37 ( [2] ). We are interested in X 0 (N ) for the 19 particular values of N for which the modular curve X 0 (N ) is hyperelliptic. We extend Elkies' work. We give the expression for j for 17 values of N ; to be specific, the cases N = 40, 48 are excluded.
Our method cannot be applied to the cases N = 37, 40 and 48; it is vital for our method that the hyperelliptic involution is of Atkin-Lehner type, and it is not of that type for these three cases. However, in §2.3 we solve the special case N = 37. In §3.2, we prove that a certain quantity n(37), the number of Q-rational points on a certain modular curve, is 0. Momose proved that it is 0 or 1, and also gave a criterion which could be used to decide which value it really takes. We check the expression of j for N = 37 against Momose's criterion, and deduce that n(37) = 0.
To get our equations and relations, we use the Fourier expansions of certain cusp forms of weight 2 on Γ 0 (N ). Their Fourier coefficients are given by the Brandt matrix ( [4] , [11] ) and the trace formula ( [5] , [14] ).
Notation
• N : a positive integer (= the level of a modular curve).
• X 0 (N ): the modular curve defined over Q which corresponds to Γ 0 (N ),
i.e., X 0 (N )(C) ∼ = Γ 0 (N )\H * .
• g: the genus of X 0 (N ).
• S 2 (Γ 0 (N )): the C-vector space of cusp forms of weight 2 on Γ 0 (N ).
Let f 1 , . . . , f g be a basis of S 2 (Γ 0 (N )), z the natural coordinate on H, q = e 2π √ −1z and let the Fourier expansion of f i be
These coefficients can be taken in Z (see [12] ).
2. Computation. If X 0 (N ) is a hyperelliptic curve, its normal form can be obtained by Murabayashi's method ( [9] ). The hyperelliptic modular curves X 0 (N ) have been classified by A. Ogg ( [10] ). 
2.1.
A defining equation for hyperelliptic X 0 (N ). Let i∞ denote the point of X 0 (N ) which is represented by i∞. If i∞ is not a Weierstrass point of X 0 (N ), then X 0 (N ) can be written in the following normal form:
where x is a covering map of degree two from X 0 (N ) to P 1 . Here, a normal form means a defining equation of the type
. By using a linear combination of the basis f 1 , . . . , f g of S 2 (Γ 0 (N )), we choose another basis h 1 , . . . , h g with the following Fourier expansions with rational coefficients:
This lemma is due to M. Shimura (see [13] ). We put
(This construction of x, y is the same as in [9] and [13] .) Thus the Fourier expansions of x and y 2 are
We can determine recursively the coefficients a 1 , a 2 , . . . , a 2g+2 of a defining equation as follows:
. . Thus we have a defining equation of X 0 (N ):
R e m a r k 2.1. To get a normal form, we need only know s 1,g+1 , . . . , s 1,3g+3 , s 2,g , . . . , s 2,3g+2 . We need a few more Fourier coefficients to represent j and j N in terms of x and y. 
The modular curve X 0 (37) has a hyperelliptic involution which sends the cusps to non-cuspidal Q-rational points, and we see Aut(X 0 (37)) (Z/2Z) 2 and B 0 (37) Z/2Z (cf. [6] , [7] ). For each level N for which X 0 (N ) is hyperelliptic, A. Ogg checked whether its hyperelliptic involution is of Atkin-Lehner type or not ( [10] ). We assume that X 0 (N ) is hyperelliptic and that N is not equal to 37, 40 or 48. Let w M be the hyperelliptic involution. Then
M be the automorphism of Q(X 0 (N )) induced by w M , where Q(X 0 (N )) is the field of meromorphic functions on X 0 (N ) defined over Q. Let x, y, j and j M be the functions defined in §2.1. The action of w * M on these functions is as follows:
It is easily checked that
where Q(X 0 (N ))
The rational functions F, G are determined explicitly by observing the pole divisors and the values at the cusps of x, y, j and j M . Denote by C the set of cusps on X 0 (N ). The pole divisors of j, j M are
where e P is the ramification index of the covering of X 0 (N ) to X 0 (1) = P 1 (j); i.e., e P is the positive integer defined as follows.
In fact, e P can be calculated as follows. Let be an element of SL 2 (Z) such that (P ) = i∞. Since SL 2 (Z)
In our case, it is easy to see that
The pole divisors of x, y are
First assume that N is a square-free integer. For any P ∈ C, excluding i∞ and w M (i∞), denote by w P the involution of Atkin-Lehner type such that P = w P (i∞). The zero divisor of x−x(P ) is P +w M P and the value of x(P ) is calculated by x(P ) = x(w P (i∞)) = w * P x(i∞). The function w * P x is obtained by the action of the Atkin-Lehner involution on S 2 (Γ 0 (N )). Thus, we obtain the following:
We determine the coefficients of F num and G num by the Fourier expansions of x, y, j and j M to get the following:
Last, we discuss the case where N is not a square-free integer; i.e., N = 28, 50. In this case, since Aut(X 0 (N )) is generated by the set of AtkinLehner involutions and does not act transitively on the set of cusps, we cannot determine all values at the cusps of x.
In the case N = 28, the Atkin-Lehner involution w 4 has two fixed cuspidal points ( [10] ), which will be denoted by P and Q respectively. It is easy to see that w 7 (P ) = Q. Let x and y be the modular functions of X 0 (28) defined in §2.1. Since w * 4 x = (x + 3)/(x − 1) and w * 4 y = −8y/(x − 1) 3 , we get the equations x(P ) = (x(P ) + 3)/(x(P ) − 1) and y(P ) = −8y(P )/(x(P ) − 1)
3 . Therefore it is easy to see that x(P ) = −1. Since the involution w 7 is hyperelliptic, x(Q) = x(P ) = −1. The values at the other cusps of x are determined in the same way as in the square-free case. Finally, using the Fourier expansions of x, y, j and j 7 , we can determine the coefficients of F num and G num .
In the case N = 50, put C = {w d (i∞) | d 50} and C = C\C . Since Aut(X 0 (50)) is generated by the Atkin-Lehner involutions (see [1] and [6] ), the set C is the orbit of i∞ by Aut(X 0 (50)). For a positive divisor d of N with 1 < d < N and for an integer i prime to N , let ( 
The cusps in C are defined over Q(ζ 5 ). Let x and y be the modular functions of X 0 (50) defined in §2.1. We cannot determine the value of x at the cusps in C . However, we can obtain a few relations among the values as follows. Since w 50 is a hyperelliptic involution, x in Q(ζ 5 ) are conjugate over Q. Therefore these values are the roots of a polynomial over Q of degree 4, which we write as 4 i=0 c i T i . We can determine the rational functions in the forms similar to the rational functions F and G. Finally, using the Fourier expansions of x, y, j and j 50 , we can determine the coefficients of F num and G num , and c i 's.
R e m a r k 2.3. If N is a prime number, the expressions for j and j N are polynomials in x and y with rational coefficients. If N is a composite number, however, they are not polynomials but rational functions.
2.3.
The special case N = 37. The case N = 37 is the unique case where X 0 (N ) is hyperelliptic with an exceptional hyperelliptic involution s. Let x, y, j and j 37 be the functions defined in §2.1. The action of w * 37 on these functions is as follows:
The action of s * on x and y is as follows:
It is easy to see that
Denote by 0 and i∞ the points of X 0 (37) which are represented by 0 and i∞, respectively. The pole divisors of j and s * j are (j) ∞ = 37 0 + i∞, (s * j) ∞ = 37s(0) + s(i∞).
Since the hyperelliptic involution s sends the cusps to non-cuspidal Qrational points, i.e., {0, i∞} ∩ {s(0), s(i∞)} = ∅, we have
On the other hand, the divisors of x, y are
Considering the divisors and the values at the cusps of x, y, j and s * j, we see that the rational functions F, G defined in §2.2 take the following form:
From the action of w * 37 ,
We do not know the Fourier expansion of s * j. But we can determine the coefficients a i of the polynomials F num and F 37,num since the coefficients of F num are the reciprocals of those of F 37,num . The same holds for the coefficients b i of the polynomials G num and G 37,num .
3. Applications. Now, we have the expressions for j and j N in terms of x, y as above. Since the expressions for j and j N reflect the properties of X 0 (N ) (i.e., it is the coarse moduli space of the isomorphism classes of the generalized elliptic curves with a cyclic subgroup of order N ), we can apply them to arithmetic problems.
Computation of isogenous curves.
Let N be a positive integer and F a field of characteristic either 0 or p not dividing N . Let E be an elliptic curve over F with modular invariant ε. We show how to compute a defining equation of the curve E with modular invariant ε which is N -isogenous to E. Eliminating y from the equations for j, we obtain a polynomial equation in x and j. Substituting ε for j, we find the F -rational roots of the resulting polynomial. Each root corresponds to an F -rational N -isogeny of E; to recover the modular invariant ε of the isogenous curve, we need only represent y as a rational function in x and substitute these roots into the expression for j N . 
Eliminating y, we find
taking j = −3375, we obtain a polynomial of degree 24 in x, whose only rational solution is x = 0, which corresponds to y = ± √ −7. Substituting these x, y in the formula for j and j 23 , we obtain j = −3375 and j 23 = −3375. These curves have complex multiplication by Q( √ −4).
R e m a r k 3.1. Conversely, taking x = −1, 1, 2, 3 and 5, we obtain the elliptic curves with modular invariants corresponding to these points. It is easy to see that they are elliptic curves with complex multiplication.
3.2.
Rational points of X split (37). In case N = 37, we apply the relations for j to the proof of the existence of rational points on X split (37).
For a prime number p, let X split (p) be the modular curve defined over Q which corresponds to the modular subgroup
The affine open subspace X split (p)\{cusps} is the coarse moduli space over Q of the isomorphism classes of elliptic curves with an unordered pair of independent subgroups of order p ( [7] ).
We will need a theorem regarding this modular curve proved by F. Momose (see [8] ). Let J 0 (p) be the Jacobian variety of X 0 (p). Let w p be the Atkin-Lehner involution as above. Denote by w p the automorphism of J 0 (p) which is induced by the involution w p . Put
Denote by n(p) the number of Q-rational points on X split (p) which are neither cusps nor CM points. In the case p = 37, it was only shown that n(37) ≤ 1. Further, he showed the following proposition (loc.cit., Proposition 5.1):
Proposition 3.1 (F. Momose). Let x, y be the modular functions on X 0 (37) satisfying y 2 = 37 − 11x 2 − 9x 4 − x 6 , and let
Then n(37) = 1 if and only if h(T ) = 0 has a Q-rational solution.
Though g, h were not determined in his paper, we now obtain the formula for j as follows. Let x, y be the modular functions on X 0 (37) given by our method satisfying
Then we get
In this model the Q-rational solutions of h(T ) = 0 correspond to the non-cuspidal Q-rational points on X split (37). The equation h(T ) = 0 has the Q-rational solution T = −1. This root corresponds to the elliptic curve with modular invariant 2 3 3 3 11 3 . This curve has complex multiplication by
. This implies that there is no Q-rational point on X split (37) which is neither a cusp nor a CM point. Thus the proof of the following result is complete.
Theorem 3.2. n(37) = 0. R e m a r k 3.2. Using a minimal model of X 0 (37) over Z[1/37], F. Momose proved that there is no Q-rational point on X split (37) which is neither a cusp nor a CM point. Our proof is independent of Momose's and it was obtained at about the same time.
Results.
Since displaying all of our results requires so much space, we show here only a few of them. The remaining formulae will be available via E-mail, FTP, or a Web site. For hyperelliptic X 0 (N ), using the normal form
, deg f = 2g + 2, we obtain the following formula:
If the level N is a prime number except for N = 37, the denominator C(x) is a constant. In the following tables, we show the formula in case of N = 28, 37 and 50.
A(x) (5 + 2x + 
